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Abstract. Modelled on a real hypersurface in a quaternionic manifold, wo in- 
troduce a quaternionic analogue of CR structure, called quaternionic CR struc- 
ture. We define the strong pseudoconvexity of this structure as well as the 
notion of quaternionic pseudohermitian structure. Following the construction of 
the Tanaka- Webster connection in complex CR geometry, we construct a canon- 
ical connection associated with a quaternionic pseudohermitian structure, when 
the underlying quaternionic CR structure satisfies the ultra-pscudoconvexity 
which is stronger than the strong pseudoconvexity. Comparison to Biquard's 
quaternionic contact structure [1] is also made. 

Introduction. 

A CR structure is a corank one subbundle of the tangent bundle of an odd 
dimensional manifold, equipped with a complex structure. Such a structure typi- 
cally arises on a real hypersurface of a complex manifold. Assuming that the CR 
structure is strongly pseudoconvex, the underlying subbundle defines a contact 
structure on the manifold, and a strongly pseudoconvex CR structure together 
with a choice of contact form is called a pseudohermitian structure. Associated 
with a pseudohermitian structure, there is a hermitian metric on the subbundle, 
called the Levi form. It is the simplest and most important example of Carnot- 
Caratheodory metric. In pseudohermitian geometry the so-called Tanaka- Webster 
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connection [13], [IS] plays the role of the Levi-Civita connection in Riemannian 
geometry. Multiplying the contact form by a nowhere vanishing function gives 
another pseudohermitian structure, and accordingly the Levi form changes confor- 
mally, being multiplied by the same function. CR geometry thereby has a nature 
of conformal geometry, and in particular, CR invariants can be computed as those 
pseudohermitian invariants which are independent of the choice of contact form. 

In this paper, we shall introduce quaternionic analogues of CR and pseudoher- 
mitian structures and lay the foundation of the geometry of these structures. We 
introduce two kinds of quaternionic analogues of CR structure, with one refining 
the other. An almost hyper CR structure is defined on a manifold of dimen- 
sion 4r2 + 3, as a pair of almost CR structures whose underlying subbundles are 
transversal to each other and whose complex structures are anti-commuting in an 
appropriate sense. Then the third almost CR structure can be defined, and a 
corank three subbundle is defined as the intersection of the three corank one sub- 
bundles. The three complex structures leave this bundle invariant, and satisfy the 
quaternion relations there. An almost hyper CR structure which satisfies a certain 
integrability condition is called a hyper CR structure. Analogously to the complex 
CR case, any real hypersurface of a hypercomplex manifold has a natural hyper 
CR structure (satisfying a stronger integrability condition). A hyper CR structure 
exists also on a real hypersurface of a quaternionic manifold, but only locally. In 
order to have a global structure on any real hypersurface of a quaternionic mani- 
fold, we refine the notion of hyper CR structure. A quaternionic CR structure is 
a covering of a manifold by local hyper CR structures, satisfying a certain gluing 
condition on each domain where two such local structures overlap. 

Associated with a hyper CR structure, there is a distinguished M'^-valued one- 
form, unique up to multiplication by nowhere-vanishing real-valued functions. For 
a choice of such one-form, the corresponding Levi form is a quaternionic hermitian 
form on the corank three subbundle. The strong pseudo convexity of a hyper CR 
structure and the pseudohermitian structure are then defined exactly as in the 
complex CR case. On the other hand, the definition of the Levi form itself is 
not quite similar to that in the complex CR case, and this is the point where the 
integrability of the hyper CR structure does play the crucial role. These notions of 
Levi form, strong pseudoconvexity and pseudohermitian structure introduced for 
the hyper CR structure extend to the quaternionic CR structure. 

With these structures at hand, our main concern is whether there exists a quater- 
nionic analogue of the Tanaka- Webster connection, associated with a quaternionic 
pseudohermitian structure. In the hyper pseudohermitian case, our search for such 
a canonical connection proceeds as follows. There is a distinguished family of three- 
plane fields transverse to the corank three subbundle and parametrized by sections 
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of the corank three subbundle. We choose such a three-plane field, and use it to de- 
fine a one-parameter family of Riemannian metrics on the manifold, extending the 
Levi form on the corank three subbundle. We then construct an affine connection, 
characterized by the property that it has the smallest torsion among those affine 
connections with respect to which the above Riemannian metrics are all parallel. 

What remains to be done is to determine the transverse three-plane field so 
that the corresponding connection be best adapted to the structure under con- 
sideration in an appropriate sense. When a hyper pseudohermitian structure is 
given, the corank three subbundle associated with the underlying hyper CR struc- 
ture comes equipped with an S'p(r2)-structure. We will, however, be moderate by 
regarding the bundle as an Sp{n) ■ 5'p(l)-bundle, for the sake of later generaliza- 
tion of the construction to the quaternionic CR case. Then the best possible one 
can expect is that the connection restricts to an Sp{n) ■ 5*^(1 )-connection on the 
bundle. Since this turns out not to be possible in general, we will be contented 
by requiring that the connection be "as close to an Spin) ■ S'p(l)-connection as 
possible." The last expression will be made explicit by using the representation 
theory for Sp{n) ■ Sp{l). Note that for this strategy to work, we must primarily 
assume that n > 2, that is, the dimension of the underlying manifold is greater 
than seven; when n = 1, since Sp{l)- Sp{l) = 5*0(4), any orthogonal connection on 
the oriented corank three bundle should necessarily be an Sp{l) ■ 5*^(1 )-connection. 
It turns out that we must also assume that the hyper CR structure is what we 
call ultra-pseudoconvex. When these assumptions are satisfied, the above strategy 
completely works and thereby gives a connection in search. Note that the class of 
hyper CR structures which are ultra-pseudoconvex contains all strictly convex real 
hypersurfaces in H'^"'"^. The notion of ultra-pseudoconvexity and the construction 
of the canonical connection extend to the quaternionic CR case. It remains to 
see whether a canonical connection can be constructed when the dimension of the 
underlying manifold is seven. We will address this problem in a future work. 

It should be mentioned that several quaternionic analogues of CR structures 
other than those in this paper have been introduced and studied by Hernandez 
[7], Biquard [1], Alekseevsky-Kamishima [1], [2] and others. Among them, Bi- 
quard's quaternionic contact structure is most infiuential and extensively studied. 
We therefore compare our quaternionic CR structure to the quaternionic contact 
structure. We observe that while a quaternionic contact structure can always be 
"extended" to a quaternionic CR structure, the quaternionic contact structure is 
more restrictive than the quaternionic CR structure. Indeed, we characterize, in 
terms of the Levi forms, a quaternionic CR structure whose underlying corank 
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three subbundle has compatible quaternionic contact structure. We also give ex- 
plicit examples of quaternionic CR manifolds which do not satisfy the character- 
izing condition. 

More recently, Duchemin [6] introduced the notion of weakly quaternionic con- 
tact structure, generalizing that of quaternionic contact structure. He showed 
that a real hypersurface in a quaternionic manifold admitted a canonical weakly 
quaternionic contact structure. More generally, one easily verifies that a quater- 
nionic CR structure naturally produces a weakly quaternionic contact structure. 
As mentioned in [HI §6], the construction of a canonical connection for a weakly 
quaternionic contact structure, generalizing the so-called Biquard connection for a 
quaternionic contact structure, remains to be done. 

This paper is organized as follows: In §1, we introduce the definitions of hyper 
and quaternionic CR structures as well as hyper and quaternionic pseudohermi- 
tian sturctures. In §2, we give examples of hyper and quaternionic CR manifolds. 
In §3, we construct a canonical connection associated with a hyper /quaternionic 
pseudohermitian structure, when the underlying hyper/quaternionic CR structure 
is ultra-pseudoconvex. The proof of a technical lemma is postponed to §4. Com- 
parison to Biquard's quaternionic contact structure is made in §5. In Appendix, 
we give proofs of some fundamental facts which are stated in §1. 

The main contents of an earlier version of this paper were announced in [9]. 
However, some significant changes have been made in the present manuscript. 
Among others, we modified the definition of the integrability of hyper CR structure. 
The former definition required for each of the three CR structures constituting a 
hyper CR structure to be integrable as a CR structure. As pointed out by the 
referee, this definition had the following demerit: if one has a candidate for a 
quaternionic CR structure, e.g., a real hypersurface in a quaternionic manifold, 
one cannot tell whether there are integrable choices of local hyper CR structures 
inducing it, unless the quaternionic manifold is e.g., a hypercomplex manifold. As 
mentioned above, under the new definition of integrability, any real hypersurface 
in a quaternionic manifold has a natural quaternionic CR structure. 

Some words on notation. Throughout this paper, the triple of indices (a, b, c) 
always stands for a cyclic permutation of (1, 2, 3), unless otherwise stated. 

Acknowledgements. The first author thanks Andrew Swann and Martin Svens- 
son for hospitality, suggestions and encouragement while he was visiting the Uni- 
versity of Southern Denmark, Odense. The second author thanks Gerard Besson 
for hospitality while visiting the University of Grenoble, where a part of this work 
was done. Both the authors thank the referee for his/her critical comments, which 
were crucial in improving the manuscript. 
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1. Hyper & quaternionic CR structures and strong 

pseudoconvexity 

We start with a brief review of CR structure. Let M be an orientable manifold 
of real dimension 2n + 1. An almost CR structure on M is given by a corank one 
subbundle Q of TM, the tangent bundle of M, together with a complex structure 
J : Q ^ Q. Let = {Z G Q ® C I JZ = a/— 1 Z}; it is a complex rank n 
subbundle of TM®C satisfying flQ^'^ = {0}. The bundle Q^'^ recovers Q and 
J by g = Re(Qi'° ®Q^) and J(Z + Z) = v^(^ - Z) for Z G Qi'°, respectively. 
A Ci2 structure is an almost CR structure satisfying the integrability condition 
[r(Qi'0),r(gi'0)] C r(gi'O), or equivalently 

(1.1) [X, Y] - [JX, JY], [X, JY] + [JX, Y] G T{Q) 

and 

(L2) J{[X, Y] - [JX, JY]) = [X, JY] + [JX, Y] 

for all X, y G T{Q). An almost CR structure is said to be partially integrable if it 
satisfies which is equivalent to the condition [T{Q^'^),T{Q^''^)] C r(Q ® C). 

Let M be an almost CR manifold, and 6 a one-form on M whose kernel is the 
bundle of hyperp lanes Q. Such a 6 exists globally, since we assume M is orientable, 
and Q is oriented by its complex structure. Associated with ^ is a form Levig on 
Q, defined by 

Levis (X, Y) = de{X, JY), X,Y eQ, 

and called the Levi form of 6. If the almost CR structure is partially integrable, 
then Levig is symmetric and J-invariant. If 6 is replaced by 6' = \9 for a function 
A 7^ 0, then Levig changes conformally by Levig/ = ALevig. An almost CR structure 
is said to be strongly pseudoconvex if it is partially integrable and Levig is positive 
or negative definite for some (hence any) choice of 6. In this case, Q gives a contact 
structure on M, and ^ is a contact form. 

A CR structure typically arises on a real hypersurface M of a complex manifold 
(of complex dimension n + 1). In this case Q = TMnj{TM) and J = J[q, where 
J is the complex structure of the ambient complex manifold. If p is a defining 
function for M, then Q = —J[dp)/2 annihilates Q. 

A pseudohermitian structure on M is a strongly pseudoconvex almost CR struc- 
ture together with a choice of 6 such that Levig is positive definite. As 6' is a 
contact form, it is accompanied by the corresponding Reeb field T, determined by 
the equations 0{T) = 1 and d6{T, ■) = 0. 

We now introduce a quaternionic analogue of CR structure. 
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Definition 1.1. Let M be a connected, orientable manifold of dimension An + 3. 
An almost hyper CR structure on M is a pair of almost CR structures {Qi, I) and 
{Q2, J) which satisfies the following conditions: 

(i) Qi and Q2 are transversal to each other; 

(ii) the relation IJ = —JI holds on I{Qi fl Q2) fl J{Qi fl Q2), the maximal 
domain on which the both sides make sense. 

We define the third almost CR structure (Q3, K) as follows. Set 



Then Q3 is a corank one subbundle of TM, and K is well-defined and satisfies the 
equation K'^ = — Id. By the condition (ii), Qs is transversal to both Qi and Q2. 
Moreover, the following relations hold: 

iiQinQ2) = QinQs, J(g2 n Qg) = Q2 n Qi, (Qg n gO = n Qs; 

IJ = K on Q2 n Qa, JI = -K on Qi n Qa, JK = I on Q^n Qi, 
KJ = -I on QiHQi, KI = J on QinQ2, IK = -J on Q3 n Q2. 

Set Q = n^^^Qa- It is a corank three subbundle of TM, and has three complex 
structures /, J, K satisfying the quaternion relations. Henceforth, we shall write 
Ii = I , I2 = J and I3 = K when appropriate. 

Definition 1.2. A triple (Ti,T2,T3) of vector fields transverse to the subbundle 
Q is called an admissible triple if it satisfies the following conditions: 



We call Q-*" = ©^=1 M^a an admissible three-plane field. 

Note that an admissible triple (Ti,T2,T3) certainly exists. Indeed, take Ti G 
r((52nQ3) such that (Ti)g ^ Qg (Ti), ^ (gi)g) for all g e M. Such a Ti exists 
globally since Q2 fl Q3 is orientable and Q is oriented by its complex structures. 
Now it suffices to set T2 = KTi and T3 = IT2. 

We shall next define an almost CR structure {Qv, /v) for each unit vector v = 
{vi,V2,V2,) G M^. Roughly speaking, Jy is defined to be Vil + t;2-'^ + 'v-sK, which, 
however, makes sense only on Q. We rectify this defect by proceeding as follows. 



Q3 = i{Qi n Q2) + J(Qi n Q2) and 




on I{Qi n Q2), 

on j{Qi n g2)- 



(i) G r(gfenQ,); (ii) 4Tb = Te. 



We have 



Qa = Q © MTfc © MT„ 

TM = Q„ © RT^ = g © MTi © MT2 © MT3. 



6 



Let (Ti,T2,T3) be an admissible triple, and extend Ji, I2, I3 to endomorphisms 
Ta-. TM TM by setting TaTa = 0, and define (Qv, U) by 

r 3 

(1.3) Qv = Q ® < XiTi + X2T2 + X3T3 I Xi,X2,X3 G M, ^Xa^a = 

L a=l 

(1-4) /v = (t'l/l + + ^3/3) bv 

It is easy to verify that Jv indeed preserves Qv, satisfies the equation 1^^ = — Id, 
and (Qv, Iv) is independent of the particular choice of admissible triple. Thus, 
associated with an almost hyper CR strucutre, there is a canonical family of almost 
CR structures parametrized by the unit sphere S'^. 

Note that the above construction of the almost CR structure (Qv, Jv) niay be 
performed pointwise. Therefore, as v, we can also take a variable function with 
values in S^. 

There are two possible ways to define when a diffeomorphism between two al- 
most hyper CR manifolds is an isomorphism. One way is to require that the 
diffeomorphism preserves each of the two almost CR structures constituting the 
almost hyper CR structure. The other is to require that it preserves the S'^-family 
of almost CR structures constructed above. We will find the effect of this difference 
when we investigate the automorphisms of the sphere S^"'~^^ (§2, Example [1]). 

Definition 1.3. An M^.yalued one-form 6 = {01,62,63) on an almost hyper CR 
manifold M is said to be compatible with the almost hyper CR structure if it 
satisfies 

kei 6a = Qa, a = 1,2, 3, 

(1.5) 6301 = 62 onQi, 6ioJ = 63 on Q2, 62 o K = 61 on Q3. 

Note that such a 6 exists; it is enough to take an admissible triple (Ti, T2, T3) and 
choose 6a annihilating Qa so that 6a(Ta) are nonzero and equal to each other (e.g., 
6a{Ta) = 1). It is unique up to multiplication by a nowhere vanishing, real- valued 
function. 

In order to define a quaternionic analogue of Levi form, we require that our 
almost hyper CR structure should satisfy some sort of integrability condition. 

Definition 1.4. An almost hyper CR structure is said to be integrable if it satisfies 
the following conditions for a = 1, 2, 3 and for all X,Y E T{Q): 

(1.6) [X,Y]-[IaX,IaY]er{Qa); 

(1.7) Ia{[X, Y] - [laX, laY]) - [X , J,F] - [J,X, Y] G r{Q). 
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Henceforth, we shall assume throughout that our almost hyper CR structure is 
integrable and refer to it as a hyper CR structure. 

Remark 1. The integrability conditions (11 .Gp . (II. 7p are natural ones, as they are 
satisfied by the local hyper CR structure of any real hypersurface in a quaternionic 
manifold. See §2 for details. 

When a hyper CR structure is given, we can show that for any 5*^- valued function 
V, the almost CR structure (Qv, -^v) defined above satisfies (appropriately modified 
versions of) (II. 6p . (II. 7p . (see Proposiition 16 . 1 1 in Appendix 16. ip . 

Let M be a hyper CR manifold and 9 = {0i,62,6^) a compatible M^-valued 
one-form on M. Note that by (II. 6p we have 

(1.8) dea{X,Y)=deaiIaXJaY) 

for a = 1,2,3 and for all X,Y E T{Q). Moreover, we have the following identity 
for X,Y eQ: 

(1.9) dOiiXJY) + dei{JX,KY) = de2{X,JY) + de2{KXJY) 

= de^iX, KY) + de^{IX, JY). 

Indeed, by plugging the both sides of (I1.7P with a = 1 in 6'3 and using (II. 5p . we 
obtain 

e2{\X,Y] - [IX, lY]) = e;{\X,IY] + [/X,F]), 

where X, Y are extended to sections of Q. Therefore, 

de2{X, Y) - d92{IX, lY) = dOsiX, lY) + d9s{IX, Y). 

Replacing Y by JY and using (II. 8p . we obtain the second equality of (II. 9p . We 
now define Levig{X, Y), the Levi form of 6, to be the half of this common quantity: 

Levis (X,F) = ^{d9i{X,IY) + d9i{JX,KY)) 

= l{de2 (X, JY) + d92 {KX, lY) ) 

= ^{dd,{X,KY) + de,{IX,JY)). 

Note that Levig is nothing but the quaternion-hermtian (that is, symmetric and 
invariant under /, J, K) part of the "complex" Levi form Levie^ = d6a{-,Ia-) 
restricted to Q. If 6* is replaced by 6*' = A6', A 7^ 0, then Levig changes conformally 
by Levig/ = ALevig. 
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Definition 1.5. We say that a hyper CR structure is strongly pseudoconvex if Levig 
is positive or negative definite for some (hence any) choice of 6. A hyper pseudo- 
hermitian structure is a strongly pseudoconvex hyper CR structure together with 
a choice of 6 such that Levig is positive definite. We also call, by abuse, such a 6 
a pseudohermitian structure. 

We now introduce another quaternionic analogue of CR structure. 

Definition 1.6. A quaternionic CR structure on M is a covering of M by local 
hyper CR structures which satisfies the following condition: let {{Qa, Ia)}a=i,2,3 
and {{Q'a, Ia)}a=i,2,3 be two such local structures defined on open subsets U and U' 
respectively. If f/ fl f/' 7^ 0, there is an S'O (3)-valued function S = Suu' '■ U nU' ^ 
SO (3) such that 

(1.10) Q'^ = Qs., K = is., 

where the notation is as in (11. Sp . (II. 4p . (Note that S\ is a variable function of 

q eunu'.) 

There is a double covering 5*^(1 ) — )■ 5*0(3), and if S can be lifted to an 5^(1)- 
valued function a : U H U' ^ Sp{l), which is the case when U (1 U' is simply- 
connected, then (ll.lOp may be written as 

(1.11) Q'. = Q.-wa, /; = Viv., ve^'. 

Here, cr^^vcr is computed by regarding v as an imaginary quaternion via the iden- 
tification = ImH. We adopt the convention that the atlas defining a quater- 
nionic CR structure is extended to a maximal one. In particular, any (global) 
hyper CR structure canonically determines a quaternionic CR structure. Hence- 
forth, we shall regard a hyper CR manifold as equipped with this quaternionic CR 
structure. 

Given a quaternionic CR structure, there are local corank three bundles Qu 
associated with the local hyper CR structures. But Qu = Qv on U nU', and they 
give rise to a bundle Q defined globally on M. 

Let = {0u} be a collection of local M^-valued one-forms compatible with the 
local hyper CR structures such that 

3 

(1.12) {eu')a = J2sab{eu)b, a = 1,2, 3 

b=l 

on U (1 U', where S = [sat) is the 5'0(3)-valued function as in the definition 
above. Such a collection exists, and it is unique up to multiplication by a nowhere 
vanishing, real- valued function. Associated with 6u are the local Levi forms Levig^ , 
for which we have the following 
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Proposition 1.7. Let M be a quaternionic CR manifold, and G = {Ou} a collection 
of local M.^ -valued one-forms on M as above. Then the local Levi forms Levig^ and 
Levig^, coincide on U nU'. 

The proof of this proposition will be given in Appendix 16.21 By Proposition 
11.71 we obtain a globally defined symmetric bilinear form, denoted by Levie, and 
call it the Levi form of G. Using this we define the strong pseudoconvexity of a 
quaternionic CR structure as before. A quaternionic pseudohermitian structure 
is a strongly pseudoconvex quaternionic CR structure together with a choice of a 
collection G such that Levie is positive definite. Again, by abuse, such a collection 
G is called a pseudohermitian structure. 

Each fibre of Q has a family of complex structures parametrized by the two- 
sphere S"^ with no preferred choice of triple satisfying the quaternion relations. 
This amounts to saying that the bundle Q has a G'L(n, H) ■ H*-structure, where 
GL{n, H) ■ H* = GL{n, H) x Sp{l) / {±/„+i}. A choice of a pseudohermitian struc- 
ture G = {Ou} gives Q a fibre metric Levie, and it is invariant under any of the 
complex structures on the fibre. Thus the choice of G reduces the structure group 
of Q from GL{n,m) ■ M* to Sp{n) ■ Sp{l) = Sp{n) x Sp{l)/{±ln+i}. 



2. Real hypersurface and examples 

2.1. Real hypersurface. Let A/" be a quaternionic manifold of dimension 4n + 4; 
thus J\f admits a torsion-free GL{n -|- 1,E[) ■ E[*-affine connection V. Then, in 
a neighborhood U of any point of A/", there exist almost complex structures X^, 
a = 1,2,3, which satisfy VXa = Ylb=i'^ab ® where 7afe are one-forms on U 
satisfying 7^;, = —7^0. Let M be a real hypersurface in M. Then M comes equipped 
with a quaternionic CR structure in a canonical manner, by setting U = MdU for 
each U as above and defining Qa = TU nXa(TU) and la = Zalg^. Thus the corank 
three subbundle Q is given hj Q\u = TU nli{TU) nl2{TU) r\X^{TU). It remains 
to verify that the integrability conditions (11.61) . (11. 7p hold for all X, F G V{Q\ij). 
To see that (II. 6p holds, it suffices to show 



(2.1) X,([X, Y] - [hX, hY]) E r(Tf/). 
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For this, let X,y E V{TIA) be local extensions of X, Y respectively, and compute 



= VxX^y - lab{X)Tby - VyXaX + ^ 7a6(3^)XfeA^ 

b b 

+Vx^Xy - lab{XaP^)1aXby " V^^yX + ^ labi^ay^.X 

b b 

= [X, Xay] + [XaX, y]-J2 ^ab{x)x,y + ^ab{yw 

b b 

- Y lab{XaX)XaX,y + Y lab{Xay)XaX,X . 
b b 



Restricted to U , this shows 



X,([X, Y] - [4X, hY]) = [X, hY] + [hX, Y] mod r(Q|f 



Therefore, ()2.ip holds, and the second condition (11.71) for integrability is also ver- 
ified. 

We now restrict ourselves to the case that the quaternionic manifold A/" is a 
queternionic affine space H""*"^. Let M be a (local) real hypersurface in H""*"^, and 
p a defining function for M: M = p~^(0), dp ^ along M. Note that the tangent 
spaces of M are given by TgM = {X e H"+^ | dpg{X) = 0}, q E M. Here and 
throughout, the tangent spaces TgH""*"^ are identified with H""*"^ in the standard 
manner. For each unit imaginary quaternion v, a parallel complex structure X^ 
on H""*"^ is defined by X^X = Xv~^, X G H""^^. Thus there is a family of complex 
structures on IT^~^^ parametrized by 5^, the unit sphere in ImH = R^. Each of 
these complex structures, X^, determines an (integrable) CR structure {Q^, Iv) on 
M, where = TM HX^iTM) and ly, = Xv|q^. In particular, the CR structures 
(Qi,J) = (Quh), iQ2,J) = (Qj,/j) and iQ3,K) = (Qk, /k) define a hyper CR 
structure on M. Note that the condition that the three CR structures are all 
integrable is stronger than the integrabihty conditons (11.61) . (11.71) . 

For the computation below, it is convenient to introduce the complex coordinates 
Zh = xl + V^xl, Wh = xl + V^xl, h = l,...,n + l, where q = (gi, . . . , g„+i) 
and qh = x\ — x\i — x\] — x^k. We have 
(2.2) _ 

X{dzh) = y/^dzh, X{dwh) = yf^dwh] J{dzh) = -dwj;, J{dwh) = dz^] 
lC{dzh) = - y/^dwj;, lC{dwh) = y/^dzK. 
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As in the complex CR case, let 9a = —Xa{dp) /2, a = 1, 2, 3. Then 6 = {6i, $2, 63) 
is compatible with the hyper CR structure of M. In the complex coordinates, 

/ — T 



h=l 



dp , dp , dp , dp , , 

■T:—dzh + T=dzh - 7^ — dwh + T=dwh , 

dwh 



n+l / 



dp dp 
dzh + T—dwh 



dwK dzh 
One can verify that the Levi form of 6 is given by 

d'^p d'^p 



Levie 
(2.3) 



n+l 

E 

h,l=l 



dzhdzi dwhdwi 



{dzh ■ dzi + dwh ■ dwi 



p d"^ p 

+ 7^ — 7= {dzh ■ dwi - dwh ■ dzi) + {dzh ■ dwi - dwh ■ dzi) 

dzhdwi dzhdwi 



Example 1. Let 5'4"+3 = {g e H""^-"^ | |gp = g ■ g = 1} be the unit sphere in H"'"'"^, 
where v -w = Ylhtl ^h^h for v = {vi, v^+i), w = (wi, . . . , w„+i) G HI"+^ As 
a real hypersurface in H""*"^, 5"^"^"^ is endowed with a hyper CR structure, whose 
underlying corank three bundle Q is given by Qg = {X G W^'^^ \q-X = 0}, q G 
^4n+3_ ^ standard choice of defining function for 5'^""'"'^ is p{q) = |gp — 1, and then 
the corresponding R'^- valued one- form is given by 9s = J27i=i{dqh<lh — Widqh)/'^, 
where we identify = ImM. By (12. 3 p , we see that the Levi form Levi^g is twice the 
standard Riemannian metric of 5*^""^^ restricted to In particular, the hyper CR 
structure of 5'^"+3 is strongly pseudoconvex. We shall refer to 9s as the standard 
pseudohermitian structure of S*^""*"^. 

The sphere 5*^"+^ may be regarded as the boundary at infinity of quaternionic 
hyperbolic space H^'^'^. The isometry group G of -ffg^^ is given by G = Sp{n + 
1, l)/{±/„+2}- As G acts on H^'^'^ transitively, we have a representation of H^'^'^ 
as a coset space G/K, where K = Sp{n+1) ■ Sp{l) = Sp{n + 1) x Sp{l)/ {±In+2}, 
a maximal compact subgroup of G. The action of G extends to 5*^"+^, and we 
shall examine how it transforms the hyper CR structure of S'^""'"'^. We represent 
7 G G by a matrix 

« M eSp{n + l,l), 
c d I 

where a*a — c*c = In+i, b*b — d*d = —1, a*b — c*d = 0. The action of 7 on S'4"+3 is 
then given by g = *(gi, . . . , g^+i) ^ {aq + b){cq + d)~^. By direct calculation, we 
obtain 

(2.4) 7*^. ' fcq + d\^ fcq 



eg + (ip \\cq + d\J \\cq + d\ 
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This formula means that for each unit imaginary quaternion v G S*^, the CR 
structure {Qv,Iv) is transformed as YQv = Qa-^va^^ 7*-^v = ^a~'^va^y where 
is the function of q given by cr^iq) = {cq + d)/\cq + d\. Thus G preserves the 
quaternionic CR structure of S*^""^"^. Likewise, if 7 G /T, then c = and 
is constant. Therefore, K preserves the canonical S^-family of CR structures 
associated with the hyper CR structure of S*^""*"^. If 7 G Sp{n) further, then 
d = ±1 and cr^ = ±1. Therefore, Sp{n) preserves each of the two CR structures 
constituting the hyper CR structure. 

For V G S"^, let be the vector field on 5''^""'"'^ defined by (Tv)q = q"v~^, q G 
5"^""'''^, and let Ti = Tj, T2 = Tj and T3 = T^. One can check that satisfies 
da{Ta) = 1 and d6a{Ta,X) = for all X E Q. The action of 7 G G transforms Ty 
as 

(2.5) 7*T.= (7-i)^T. = e- 

where / = — log|cg + d\, dbf denotes the restriction of df to Q and (ib/* is the 
section of Q dual to dbf with respect to Levie^ (cf. §3, Remark HI). 



Example 2. Let E be the real ellipsoid 

n+l 

E : ^ (oi [zi^ + zf) + hiZiZl + q [wi^ + u)^^) + diWiwt) -1 = 0, 

i=l 



where a^, ■ ■ ■ , lij are real, bi,di > and we are using the complex coordinates Zi, Wi 
of H""*"^ to write the defining equation. Let 9 = (6*1,^25^3) be the M^-valued one- 
form compatible with the hyper CR structure of E, corresponding to the defining 
function chosen to be the left-hand side of the defining equation. By (12.31) . the 
Levi form is 

n+l 

Levig = (6j + di) {dzi ■ dzi + dWi ■ dwi) 

i=l 

restricted to Q, and therefore the hyper CR structure of E is strongly pseudocon- 
vex. 



13 



On the other hand, the complex Levi forms are 

n+l 



Levigj = 2 dzi ■ dzi + di dwi ■ dwi 



i=l 
n+l 



Levies = Re + di){dzi ■ dzi + dwi ■ dwi) 



i=l 



+2(aj + Ci){dzi ■ dzi + dwi ■ dwi)], 



n+l 



Levigg = Re + di){dzi ■ dzi + dwi ■ dwi 



4 = 1 



+2(aj — Ci){dzi ■ dzi — dwi ■ dwi)], 

and these almost never coincide on Q; indeed, they coincide on Q if and only if 
bi = di and Oj = q = hold for i = 1, . . . , n+l, that is, E should be a "quaternionic 
ellipsoid". We will revisit this example in §5, where we compare the quaternionic 
CR structure to Biquard's quaternionic contact structure 

2.2. Quaternionic Heisenberg group and its deformation. 

Example 3. The quaternionic Heisenberg group is the Lie group whose un- 

derlying manifold is H" x ImH with coordinates (p, r) = (pi, . . . r) and whose 
group law is given by 

(p, r) ■ (p', r') = (p + p', r + r' + (p ■ p' - p' ■ p)) . 

(There is a concise treatment of the complex Heisenberg group as a CR manifold 
ini].) 

Write Pa = x° — x\\ — x^j — xj^k and r = tii + + tak. The vector fields 





d 


h24 


d 


+ 2x1 


d 

dh'^ 


2x^ — 

"-dh' 


xl ^ 


9 
dxl 


- 2x-0 


9 

9*T ' 


„ 3 9 


+ 2x^ 


9 

9*; 


xl 


d 


^2x1 


d 




d 

dh~ 


"9*3' 


Xl = 


9 
9x3 


-2.2 


9 

9*^ ' 




-2x^ 


9 

9*^ 






T2 




2± 

dh' 


T3 


. 2A 

9*3 

















are left- invariant. Let 

Q = span{X^}i<„<„,o<a<3, Qa = Q © MT, © RT„ 
and define complex structures on Qa by 

Then the triple of (integrable) CR structures (Qa, la) gives a left-invariant hyper 
CR structure on H^""*"^. The ImH- valued one- form 



rfr + ^ (c/paPa - PaC^Pc) 
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is left-invariant and compatible with the hyper CR structure. The Levi form of 
Oh is given by Levi5i^(X^, X^) = 25ai35ab- Hence the hyper CR structure of 'H^'^+'^ 
is strongly pseudoconvex. We shall refer to as the standard pseudohermitian 
structure of 'H^"'"'"^. It is also worthwhile to mention that in this example the CR 
structures {Qa, la) are not strongly pseudoconvex. 

Remark 2. The quaternionic CR and pseudohermitian structures of 5'^"+^ and 
-^4n+3 related as follows. Let ^3 = {(p',p„+i) G H"+i | Rep„+i = Ip'p}. The 
mapping 

(gi, . . . , e \{(0, . . . , 0, -1)} H-> (gi, . . . , g„, 1 - (1 + G ^ 

is a quaternionic analogue of Cayley transform. This mapping composed with 
{p',Pn+i) ^ {p',Pn+i — b'P) gives the equivalence mapping 

F:(gi,...,g„+i)G5^"+n{(0,...,0,-l)} 

^ (gi(i + gn+i)~\ . . . , Qnii + qn+ir\ (1 + gn+i)"' " (1 + g^^Tl)"') G 

between quaternionic CR manifolds. Hence F*9ii is a pseudohermitian structure 
(singular at (0, . . . , 0, —1)) for the quaternionic CR structure of S'^"'^^, and thus 
has the form \a9s<J~^, where A and a are respectively positive and S'p(l)-valued 
functions. Explicitly, we have A = 1/|1 + gn+iP, ex = (1 + g„+i)/|l + gn+i|- 

Example 4. The hyper pseudohermitian structure of quaternionic Heisenberg group 
can be deformed by changing the definition of vector fields as follows: 



= 


d 




+ 42 2 9 


-1- /I T 


xl = 


d 






+ 53 2 A 
+ " "Sis' 


xl = 


d 
dxl 




_ r^2 o_^ 


-rV — 


xl = 


d 
dxl 


-D'x' — 


+ ^2 1 A 


_£)3 A 



where A'^, B^, C^, Z)^ are real constants. We define vector fields T^, bundles Q, Qa 
and complex structures la on Qa as in Example |3l Then the triple of almost CR 
structures {Qa,Ia) gives an almost hyper CR structure on M^" x M.^, and always 
satisfies fll.6p . It satisfies f ll.7p (or more strongly, {Qa,Ia) are CR structures) if 
and only if A'^ + + + D'^ does not depend on a (though may depend on a). 
Henceforth we assume this condtion is satisfied, and therefore, we obtain a hyper 
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CR structure. Then the M^-valued one-form 6 = {9i, 62, O3) given by 
Oi = 



92 



9. 



dt2 + ^ {-Alxldxl + Blx'idxl + C^x^dxl - Dlxldxl) 
dh + J2 i-^l^'idxl - Blxldxl + Clxldxl + Dlxldxl) 



is compatible with the hyper CR structure and satisfies 9a(Tf,) = 5ab- The complex 
Levi forms are 

Levi,, = + + + 

a 

^ ^ E { (^^ + cl) (K)' + id^lf) + + /^^) [{dxiY + (d^lY) } 



Levi, 



Levi03 : 
and the Levi form is 



Levie = ^ {{dxlY + i^xlY + {dxlY + [dxlf 

a 

where we set Aq, = A'^ + B'^ + C'^ + D'^. Suppose now that Aq, > for all a, so that 
the hyper CR structure is strongly pseudoconvex. We will revisit this example in 
§3, §5. 

2.3. Principal bundle over a hypercomplex manifold. Let {N, /, J, K) be 

a hypercomplex manifold of real dimension An, that is, /, J, K are (integrable) 
complex structures on satisfying IJ = —JI = K. Write Ii = I, I2 = J and 
/s = K. Let G be a Lie group of dimension three, and let vr : M — > A^ be a principal 
G-bundle over A^ with connection form 9 and the corresponding curvature form Q. 
Via an idetification of the Lie algebra g of G with as vector spaces, we write 
9 and as 6* = {9i,92,9^) and Q = (7r*f2i, 7r*f22, 7r*f23), respectively. Assume the 
following two conditions: 

(i) The two- forms Qa on A^ are invariant by 

(ii) A hyper hermit ian metric on A^ is chosen so that the fundamental two- 
forms Fa = g{Ia-, ■) are given by 



Fa{X, Y) = -(fi.(X, Y) - QaihX, hY)), X,Ye TN. 
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Here, the indices a,b are so that {a,b,c) is a cychc permutation of (1,2,3). Let 
Qa be the kernel of 6a- Then Q = ri^^^^Qa is the horizontal distribution for the 
connection form 6. Take a triple of vertical vector fields (Ti, T2, T3) on M satisfying 
6aiTh) = 6ab- Then Qa is expressed as Qa = Q ® KTf, © MTc. We define complex 
structures la on Qa by laX = laX and JaTf, = Tc, where X denotes the horizontal 
lift of a vector field X on A^. Then it is straightforward to verify that the almost 
CR structures {Qa,Ia) are integrable, and in particular, they satisfy (11. 6p . (II. 7p . 
Thus we obtain the following 

Proposition 2.1. Let G be a Lie group of dimension three. Let ir : M N be a 
principal G-bundle over a hyperhermitian manifold N with connection form 9 and 
the corresponding curvature form VL, satisfying the conditions (i), (ii) as above. 
Then {(Qa, -^a)}a=i,2,3 defined above is a hyper CR structure on the total space M, 
and 9 is compatible with it. The Levi form Levi^ of 9 is given by the pidl-back of 
g, restricted to Q: Levig = {'n'*g)\QxQ- In particular, the hyper CR structure of 
M is strongly pseudoconvex, and together with 9, gives a hyper pseudohermitian 
structure on M. 

As a concrete example, the standard hyper pseudohermitian structure of the 
quaternionic Heisenberg group "H^"^"*"^, which is an ImH-bundle over the hyper- 
complex manifold H", can be understood by the bundle construction as above. 

An example with compact total space follows. 



Example 5. (T^-bundle over S*^ x 5*^) Let A^ = El\{0} with complex coordinates 
{z, w), and let (/, J, K) be the standard hypercomplex structure of A^ as in (12.21) . 
Let g be the hyperhermitian metric on A^ defined by 



2{\dz 


P + \dw\ 






\z\ 


2 + 


\w\ 


2 



Then the fundamental forms Fi, F2, F3 are given by 

\/—l{dz Adz + dw A dw) dz A dw + dz A dw 

1 i 19 \ i 19 ' 2 i m i i 19 ' 

\z\'^ + \wy \zY + \WY 

\/^{dz A dw — dz A dw) 

respectively. 
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Let fi = — log(|2;|2 + lu'p), a smooth function on A^, and define three two-forms 
Qa on N hj Qa = d{Iadfi). They are given exphcitly by 

2\/^{zwdz /\ dw ~ zwdz A dw) 



2y^{\w\ 


{"^dz Adz + 


\z\ 


\^dw A dw) 




|2 + 


\w\' 


2y 



(|z|2 + |w|2)2 

dz A dw + dz A dw {zw — zw) {dz A dz — dw A dw) 

\z\'^ + |w|2 (|2;|2 + |w|2)2 

(^2 + w'^)dz Adw + (^2 + w'^)dz A dw 



(|2|2 + |^i;|2)2 

-l{dz A dw — dz A dw) \^^{zw + zw){dz A dz — dw A dw) 



|z|2 + |ty|2 {\z\'^ + |ty|2)2 

[^2 — w'^)dz Adw — {z"^ — w'^)dz A dw 



(|z|2 + |w|2)2 

Let N := N/ (a), where a is a complex constant with |a| > 1, acting on by 

a-{z,w) := {az,aw), {z,w) G A^, 

and (a) is the infinite cyclic group generated by a. Then A^ is a smooth manifold 
diffeomorphic to x S^, and {g, I, J, K) descends to a hyperhermitian structure 
on A^. Thus we obtain a hyperhermitian Hopf surface {N, g, I, J, K). Note that 
though the function n does not descend to a function on A^, the differential dfi 
descends to a one-form on A^, and therefore Qa descend to two-forms on A^. 

Let 7r:M = A^xT^— J-A^be the trivial T^-bundle with fibre-coordinates 
(^1,^2,^3)- (Therefore, M is diffeomorphic to x T^.) Define an M^-valued one- 
form 6 = {61, 62, 63) on M by = dta + 7r*Iadfi. Then 6' is a connection one-form 
in the bundle n : M N with curvature form Q = {71*^11, 11*^2,'^* ^3)- It is 
straightforward to verify that the hyperhermitian Hopf surface A^ and the forms 
Qa satisfy the conditions (i) and (ii) before Proposition 12. 1[ Therefore, M comes 
equipped with a hyper pseudohermitian structure. We will revisit this example in 
§3, §5. 

The above construction of the hyper pseudohermitian structure on 5* X TMs a 
special case of the following more gereral one. An HKT manifold is a hyperhermi- 
tian manifold {N,g,I, J,K), characterized by the property that the fundamental 
forms Fi, F2, F3 satisfy IdFi = JdF2 = KdF^, where lu = ...,/■) for a k- 
form u. By a result of Banos-Swann [3], there exists an HKT-potential /i, that is, 
a locally defined function fi on N such that 

= ^ {d{Iadfi) - Ibd{Iadfi)) , 

where the indices a, b are as before. If d{Iadfi) are globally defined on A^ and 
determine integral cohomology classes of A^, as in the preceding example, then there 



18 



exists a principal T^-bundle it: M ^ N with connection form 6 whose curvature 
form dO coincides with {7r*d{Iadfi)). Now Proposition 12.11 apphes. and we obtain 
a hyper pseudohermitian structure on the total space M. This construction is a 
generalization of that due to Hernandez [7] for hyperkahler manifolds. 

3. Canonical connection 

In this section we shall construct a quaternionic analogue of the Tanaka- Webster 
connection [13], [15] in CR geometry. Throughout this section, we shall assume 
that the hyper and quaternionic CR structures are strongly pseudoconvex. Since 
our construction is modelled on that in the CR case, we first review it briefly. 

Let (M, 6) be a pseudohermitian manifold. (Recall that the underlying almost 
CR structure is assumed to be partially integrable.) As in [11], let T be an arbitrary 
transverse vector field such that 6{T) = 1; except for this point, we follow the 
explanation of the Tanaka- Webster connection due to Rumin [10], where T is the 
Reeb field from the beginning. For each k > 0, define a Riemannian metric gM,k 
on M by 

9M,k = g + kO"^, 

where g is extended to a positive semi definite form on TM by defining g(T, ■) = 0. 
There is a unique connection V which satisfies VgM,k = for all k and among such 
connections, has as small torsion as possible. It is characterized by the following 
conditions: 

(i) the subbundle Q is preserved by V; 

(ii) g and T are V-parallel; 

(iii) the torsion tensor Tor of V satisfies 

(a) Tor(X,F)Q = 0, X,YeQ; 

(b) X G Q > Tor(T, X)q G Q is (yf-symmetric, 

where Eq denotes the Q-component of a tangent vector E with respect to the 
splitting TM = Q®RT. It follows from = and (iii-a) that for X,Y eT{Q), 
VxY is given by 

(3.1) 2g{VxY,Z) = Xg{Y, Z) + Yg{X, Z) - Zg{X,Y) + g{[X,Y]Q, Z) 

-g{[X, Z]q, Y) - g{[Y, Z]q, X) for all Z G T{Q). 

We now determine T so that the corresponding connection V be as close to being 
a unitary connection as possible. Since any orthogonal connection on a hermitian 
line bundle is unitary, this step does not work when n = 1. Hence we assume 
n > 2 hereafter. Fix an arbitrary T, and write T = T + 2JV for V G T{Q). Then 
by (13. ip . the corresponding connections V and V are related by 

(3.2) VxY = VxY + g{JX, Y)JV - g{JV, Y)JX - g{JV, X)JY. 
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Let {ei, . . . , Cn} be a local unitary basis for Q^'^, and write 

n n 

Note that V is a unitary connection if and only if Qij = for all Using (13 .2^ 
we obtain 

uJij{ek) = iOij{ek), uJij{e^) = uJijiet) + 5kjVi - 6kiVj, 
where we write V = Y^^^iiViCi + ViCi). Uij{ek) are independent of V, and they all 
vanish if and only if the underlying almost CR structure is integrable, while Uij (cfc) 
can always be made zero by an appropriate choice of V. Indeed, using (13. ip and 
d{d9){ei,ej,ek) = 0, we obtain 

(3.3) ujij{e^) = ^{Skid9{T, Cj) - 6kjd9{T, Cj)). 
Hence, by choosing 

(3.4) Vi = ^d9{T,ei), i = l,...,n, 

we can achieve ujij{'ek) = 0. Note that (13. 4 p is equivalent to T being the Reeb field 
associated with 9. In particular, the resulting connection V is the Tanaka- Webster 
connection, as generalized to the partially integrable case by Tanno [E]. 

We now turn to the quaternionic case, and first treat the hyper CR case. So 
let (M, 9) be a strongly pseudoconvex hyper pseudohermitian manifold. As above, 
our construction proceeds in two steps: first, for each choice of an admissible three- 
plane field Q^, we construct a certain uniquely determined connection V on TM. 
Next we determine Q-^ so that, when restricted to a connection on Q, V be "as 
close to an Sp{n) ■ S'p(l)-connection as possible." 

Let g denote the Levi form of 9; it is a metric on Q. Let Q-^ be an admissible 
three-plane field, so that we have the splitting 

(3.5) TM = Q®Q^. 

Set g-^ := 9i'^ + + ^3^, and denote its restriction to Q-^ by the same symbol. We 
define a family of Riemannian metrics gM,k on M by gM,k = 9 + kg^, where k > 
and g is extended to a positive semidefinite form on TM by defining g{U, ■) = 
for all U G Q^. The splitting (13.51) is orthogonal with respect to all gM,k- As in 
the CR case, there is a unique connection V which satisfies VgM,k = for all k 
and among such connections, has as small torsion as possible. We state a charac- 
terization of this connection as 

Proposition 3.1. Let {M,9) be a hyper pseudohermitian manifold, and let Q-^ be 
an admissible three-plane field. Then there exists a unique connection V on TM 
satisfying the following conditions: 
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(i) the subbundles Q and Q-^ are preserved by V; 

(ii) g and are V -parallel; 

(iii) for X,Y eQ andU,V eQ^, 

(a) Tor(X,F)Q = 0; 

(b) Tor(f/,V^)QX = 0; 

(c) X G Q H- Tor(t/, X)q E Q is g -symmetric; 

(d) U G (-T- Tor(t/, X)q± G is g-^ -symmetric, 

where Eq and Eq± respectively denote the Q- and Q-^- components of a tangent 
vector E with respect to the splitting (13. 5p . 

Proof. Throughout the proof, let X, F, Z G T{Q) and U,V,W E r(Q^). Suppose 
that V is a connection on TM satisfying the conditions stated in the proposition. 
Then the conditions (i), (ii), (iii-a), (iii-b) force V to satisfy 

2g{VxY,Z) = Xg{Y,Z) + Yg{X,Z)-Zg{X,Y)+g{[X,Y]Q,Z) 

(3.6) -g{[X,Z]Q,Y)-gi[Y,Z]Q,X) 

and 

2g^{VuV,W) = Ug^{V,W) + Vg^{U,W)-Wg^{U,V)+g^{[U,V]Q^,W) 

(3.7) -g^i[U, W]q.,V) - g\[V, W]q.,U). 

Since Tor(f/, X)q = VjyX — [U,X]q, the condition Vg = imphes that 
(7(Tor(t/, X)q, Y) + g{X, Tor(f/, Y)q) = Ug{X, Y) - g{[U, X]q, Y) - g{X, [t/, Y]q). 
Therefore, the condition (iii-c) determines Tor([/, X)q by 

(7(Tor(f/, X)q, Y) = ^{Ug{X, Y) - g{\U, X]q, Y) - g{X, [[/, F]q)), 
and this gives 

(3.8) g{VuX, Y) = ^{UgiX, Y) + g{\U, X]q, Y) - g{X, [f/, Y]q)). 
Similarly, the condition (iii-d) determines Tor(?7, X)q± by 

(7^(Tor(t/, X)qx, y) = -\{Xg^{U, V) + g^{[U, X]qx, V) + g^{U, [V, X]qx)), 
which gives 

(3.9) g\VxU, V) = ^{Xg^iU, V) - g^i[U, X]qx, V) + g^{U, [V, X]qx)). 

Conversely, (13. 6p . (13. 7p . (13. Sp . (13. 9p determine a connection V on TM uniquely, 
and V satisfies the conditions stated in the proposition. □ 
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Remark 3. One can generalize Proposition 13. II to a quaternionic pseudohermitian 
structure in an obvious manner. 

Our next task is to determine Q^. As in the CR case, we shall work with complex 
frames. Let Q^'^ = {X G (5®C | IX = X}. Then we have the decomposition 
Q ® C = Q^'*^ ©(5^'°, orthogonal with respect to the Levi form g regarded as a 
hermitian form on Q ^ C Take a local orthonormal frame {^i, . . . ,e4n} for Q 
satisfying 

(3.10) e4^k-2 = I^ik-i-, ^Ak-l = £ik = K£Ak-2,{= I^ik-l), k = 1, ... ,71. 

(Such a local orthonormal frame for Q is said to be adapted.) Then 

(3.11) ie2fc_i = (£4/0-3 - v^£4fc-2) /v^, e2k = {e^k-i - V^e^k) /v^[ 
is a local unitary frame for Q^'^, and J, K : Q^'^ — )■ are given by 

JG2k-i = e2fc, Je2k = —G2k-i] Ke2k~i = — y/—^e2k, KG2k = y/—^e2k~i- 

Choose an admissible three-plane field Q-^, and let V be the corresponding 
connection as in Proposition 13.11 Regarding V as a connection on Q, let u be the 
matrix of connection forms with respect to the above local frame; its components 
are given by 

2n 

i=i 

Since Vg = 0, we have cOij = — and Uij = —Uji, namely, (wjj) is skew- hermitian 
and (uJij) is skew-symmetric. Note that Ve7 = Vcj since V is a real connection. 
We now further restrict the domain of V by considering the Q-partial connection 

: (x,F) e r(g) X r(g) ^ VxY e t{Q). 

In other words, we regard u as being defined on Q. Let {sp{n) + sp{l))-^ denote 
the orthogonal complement of sp{n) + sp{l) in so(4?7.) with respect to the Killing 
inner product. Then cu's {sp{n) + sp(l)) -""-component uj°^^ gives an obstruction for 
the Q-partial connection V*^ to preserve the Sp{n) ■ S'p(l)-structure of Q, and 0;°*^'^ 
is small if and only if V'^ is close to being an Sp{n) ■ S'p(l)-partial connection. u°^^ 
is tensorial, and {u°^^)g is an element of Qg* (g> {sp{n) + sp{l))^ for each point q. 

Note that when n = 1, since Sp{l) ■ Sp{l) = 50(4), the S'0(4)-connection V 
necessarily preserves the S'p(l)-S'p(l)-structure of Q, and therefore the obstruction 
tensor uj°^^ vanishes irrespective of the choice of Q^. Hence we assume n > 2 
hereafter, and use reprensentation theory to make the requirement that 0;°^'^ be 
small more explicit. Qg*®{sp{n) + sp{l))-'- is an Sp{n) x S'p(l)-module whose model 
is H" ®(sp(n) -|- sp{l))^. Swann [12] wrote down the irreducible decomposition of 
this module explicitly, which we shall review. Let E (resp. H) be the standard 
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complex Sp{n)(Tesp. 5*^(1 ))-module, with the left action of Sp{n) (resp. 5^(1)) 
through the inclusion Sp{n) C SU{2n) (resp. 5^(1) = SU{2)). Then we have 



(3.12) 



(3.13) 



(sp(n) + spil))^ ® C 



as complex Sp{n) x S'p(l)-modules. In fact 



(3.14) 



so(4n) ® C 



e" ® C (as S'0(4n)-modules) 
A2(E®i7) 

S"^ E ® S'^H ® {KlE ® S'^H). 



Since ^ sp(n) and S'^H = sp{l), we conclude fl333D . It follows from fl3:T2|l 
and flXT^ that 

(e"®(sp(n) + sp(l))^) ®C = iE^H)®{AlEcsS^H) 



where K is the irreducible complex 5'p(n)-module with highest weight (2, 1, 0, . . . , 0). 
Therefore, we have the irreducible decomposition 



It can be shown that all the components of uj other than the one corresponding 
to E ® H are stable under a change of Q^. It is also not possible in general to 
remove the component uj^®^ of E ® H . As we shall prove in Theorem 13.41 

below, oj^®^ can be removed by a suitable choice of Q'^ if one assumes a stronger 
condition than strong pseudoconvexity which is called ultra-pseudoconvexity and 
will be defined below. 

To proceed, we shall first express the condition 



(3.15) 



{E ® KlE) ®{H® S^H) 
{K®klE®E) ® {S'^H®H), 



(3.16) 



{It ®{sp{n) + sp{l))^) ® C 
= {K® S'^H) ® {AlE ® S'^H) ®{E® S'^H) 
®{K ®H)® {klE ®H)®{E® H). 



(3.17) 







in a more explicit form. 
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Lemma 3.2. The condition fl3.17p is rewritten as follows: for I = 1, . . . ,n, 

n 

2^'^2k-l,2l^ - ^2k,2i)i'^2k-l) + (^2k-l,2l-l{e2k-l) 

k=l ^ 

(3-18) + + ^2fc,2i3T)(e2fc) + uJ2k,2i-i{e^) 

+ ^i^2k^iM^ + ^2fc,2fc)(e2«-i) + ^W2fc_i,2fe(e^) 1 = 0, 



and 



n 

2 (^2fe-l,27 + ^2k,W^)i^2k-l) + ^^2fc-l,2z(e2fe-l) 

fc=l 

(3-19) + ^(- W2fc-i,2l^ + t^^)(e2fc) + uj2k,2i(e^) 

1 1 ^ 

+ ^(^2fc-l,2F^ + ^2fc,2fc)(e2/) - -W2fc-l,2fc(e2i-i; 

We shall postpone the proof of this lemma to the next section. 



Definition 3.3. We say that a hyper CR structure is ultra-pseudoconvex if the 
symmetric bilinear form h on the subbundle Q defined by 

3 

h{X, Y) = (2n + 4)Levi,(X, - ^ dOaiX, hY), X,Y e Q, 



a=l 



is positive or negative definite for some (hence any) compatible, M'^-valued one- 
form 6. 

Since the component of h invariant under /, J, K is {2n + l)g, a hyper CR 
structure is strongly pseudoconvex if it is ultra-pseudoconvex. The sphere S*^""*"^ 
and the quaternionic Heisenberg group "^^"+3 are ultra-pseudoconvex, since on 
these hyper CR manifolds, the three complex Levi forms d6a{-,Ia-) coincide on Q 
and therefore they are equal to Levig. It is easy to see that strictly convex real 
hypersurfaces in H""*"^ are ultra-pseudoconvex. In particular, the ellipsoids as in 
§2 are ultra-pseudoconvex. We give a less obvious example. 

Example 6. Let {M,6) be the hyper pseudohermitian manifold as in Example O 
Recall that M is the total space of the (trivial) T'^-bundle vr: M — > over the 
hyperhermitian Hopf surface (A^, g, I, J, K). We have 

Levie = n*g 



2{\dz 


P + \dw\ 






\z\ 


2 + 


\w\ 


2 



24 



and 



h = 6 Levie -^d9a{-, la 



(3-20) = " .,, , , .. ' ^ + 



4:{\dz 


a=l 




z\ 


2 + 




2 



(|z|2 + |u;|2)2 
= 2Levi0 + 2(c//i)2. 

Therefore, the hyper CR structure of M is ultra-pseudoconvex. 

Example 7. For the hyper pseudohermitian structure as in Example HJ we have 

a ^ a=l 

3 

+ ((n + 2)K -Al-Dl-Cl-Y, K) {dxlY 

a=l 
3 

+ ((n + 2)A. - - - 53 _ ^ (dx^)' 

a=l 

3 -X 

+ ((rz + 2)K -Cl-Bl-Al {dxlf . 

a=l J 

Note that /i can be degenerate or even indefinite according to various choices of 
A;^, ■ ■ ■ , (e.g. if A;^ = n + 1 and = = = -n/3, then h is indefinite). 
Thus the hyper CR structure may not be ultra-pseudoconvex, even though it is 
strongly pseudoconvex. 

Note that h remains unchanged under the deformation of hyper CR structure 
and 6 as in (11.101) . (I1.12p . Thus the definition of ultra-pseudoconvexity extends to 
the quaternionic CR structure. 

Theorem 3.4. Let {M,6) be an ultra-pseudoconvex hyper pseudohermitian manifold 
of dimension > 7. Then there exists a unique admissible three-plane field Q-^ such 
that the corresponding connection V as in Proposition \3. 1\ satisfies (13.17^ . 

We call Q-^ of the theorem the canonical three-plane field, and the corresponding 
admissible triple {Ti,T2,T^) the canonical triple. The corresponding connection, 
denoted by D, is a quaternionic analogue of the Tanaka- Webster connection in 
complex CR geometry. We call it the canonical connection associated with (M, 9). 



Proof of Theorem 3.4' Fix an arbitrary admissible triple {Ti,T2,Ts) of reference. 



and let V be the corresponding connection given by Proposition 13.11 Let 
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Ta + 2IaV for V G T{Q). We will show that V can be chosen uniquely so that V, 
the connection corresponding to (Ti,T2,T3), satisfies (13.171) . 
First, we have for X,Y E Q, 



(3.21) [X,Y]Q = [X,Y]Q + 2Y,d9a{X,Y)IaV, 

a=l 



where [X, Fjg is the Q-component of [X, y] with respect to (Ti,T2,T3). Usin^ 
flX^ and dsi]) with {Y, Z) = {ei, ej), we obtain 



cduiX) = uu{X) + Y,d9a{X,ei)g{IaV,ej) 

a=l 

3 3 

(3.22) - J2 d9a{X, ej)g{IaV, e,) - ^ d9a{ej, ej)g{IaV, X). 



a=l a=l 



Here, ujj (resp. cD/j) are connection forms of V (resp. V), and the indices I, J 
range over 1, 2, ... , 2n, 1,2,..., 2n. 

Let u!2i-i (resp. a)2z_i) denote the left-hand side of fl3.18p . computed for V (resp. 
V). Then by using fl3.22p . we obtain 



1^21-1 — 1^21-1 
3 



(3.23) ~ \ ^) X](^^"*^^2fc-i,ei^) + d9a{e2k,e^))g{IaV,e2i-i] 

^ k=i 

a {e2k-i, e2k)g{IaV, 621) 

^ k=l 
1 " 

+ -'^[{d9a(e^, e2i~i) - d9a{e2k-i,e^))g{IaV,e2k) 

+ {d9a{e^i~i, 621-1) + d9a{e2k,e2i))g{IaV, e2k-i] 



n 

k=l 
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The right-hand side is simphfied as follows. Since dOa is /^-invariant, the sum 
on the second line vanishes if a = 2, 3. We compute the sum for a = 1: 



n 

^{dOi{e2k-i,e^k^) + d9i{e2k,e2k))g{hV, 621-1) 

k=l 

n 

= -^{dOi{e2k-i,e2k^) + d9i{e2k,e2k))g(y, Iie2i-i) 

k=l 

n 

(3.24) = '^{d9i{e2k-ijie2k^) + d9i{e^Jie2k))g{V,e2i-i) 

k=l 

n 

= '^2g{e2k-i,e^)g{V, 621-1) 

k=l 

= 2ng{V, 621-1). 



The sum on the third line vanishes if a = 1; for a = 2, we compute: 



^d92i62k-l,e2k)g{l2V,62l) = ^ ^6*2 (e2fc-l , /2e2fc-l )fi'(^, 



^21-1 



k=l 



k=l 

n 



(3.25) 



g{e2k-i, e2k-i)giV, 621^ 

k=l 

ng{V, 621-1). 



Likewise, for a = 3, we obtain 



n 

(3.26) ^ d93{62k-i, e2k)g{hV,e^) = ng{V, 621-1). 

k=l 
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We compute the sum on the fourth and fifth hues: 

n 

'^[{d9a{e^, 621-1) - d9a{e2k-i,e2i))g{IaV,e2k) 

{d6a{e^, 621-1) + d9a{e2k,e^))giIaV, e2k^i)] 

e2i-i) + dOaihei, e2i))giIaV, e^) 
{d9aiei, 621-1) + d9a{l2ei,e^)) g{IaV,e^)] 



k=l 



2n 



i=l 



2n 



^{dOaiei, 621-1) + d9a{l2ei,e2i))g{IaV,ei) 



i=l 



= dOailaV, 621-1) + de^ihhV^e^) 

2n 

-'^{dOaici, 621-1) + d9a{l2ei,e^))g{IaV,el). 

i=l 

We find that the right-hand side is equal to 2[g(y,e2i-i) — d9a{V, Iae2i-i)] for all 
a. Indeed, if a = 1, the sum on the second line vanishes, and 

dOiihhV^Wi) = de,{l2V,Iil2e2i-i) 

= {dOiihV, Iil2e2i-i) + dOiiV, Iie2i-i)) - dOiiV, Iie2i-i) 
= 2g{V,e2i-i)-deiiVJie2i-i). 

If a = 2, the sum on the first line is equal to 2d62{l2V, 621-1), and the sum on the 
second line becomes 

2n 

-2Y,de2{eij2e^i)g{hV,el) = -2 g{l2V,e^i) = -2 g{V,e2i-i), 
1=1 

since d62{ei, 12^21) = g{ei,e2i) = 5j,2/- The a = 3 case is similar. 
We thus conclude that 

^^21-1 — (^21-1 



(-3n - 3 + ^) giV, 621-1) + - 1^) E 



3^-3 

-h[V,e2i-i, 



2n 

We obtain a similar result for the left-hand side UJ21 of (I3.19p . and conclude that 
qE(^h vanishes if and only if 

2^ 2 3tz 3 

hiV, 621-1) = ^21-1 and h{V, 621) = UJ21 
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for / = 1, ■ ■ ■ , n. By ultra-pseudoconvexity, there exists a unique V which satisfies 
this last system of hnear equations. □ 



We now extend the above construction of the canonical connection for a hyper 
pseudohermitian structure to that for a quaternionic pseudohermitian structure. 
To do this, it suffices to verify that given a quaternionic pseudohermitian structure, 
the condition fl3.17p over each local hyper pseudohermitian structure is actually 
global. Let (M, 6) be an ultra-pseudoconvex quaternionic pseudohermitian man- 
ifold of dimension > 7. There is a global Sp{n) ■ S'p(l)-bundle Q over M, and let 
V be the bundle of frames for Q which are adapted (cf. f l3.10p ) with respect to 
some triple (/„) of compatible complex structures; this is a principal Spin) ■ Sp{l)- 
bundle over M. Let V be any S'0(4n)-connection on Q, and for any local section 
e = {ei,--- ,e4n) of V, let u be the corresponding matrix of (real- valued) con- 
nection forms, given by Ve = e ^ u. Note that this u is essentially the same as 
the previous one (when V is the connection given by Proposition 13. ip : as a collec- 
tion of local matrix-valued forms, the present u is the expression of the previous 
one in terms of real frames f l3.10p rather than complex ones (13. lip . As before, 
we regard u as being defined on Q. If e changes as e t— ?■ ea, where a is a local 
Spin) ■ S'p(l)-valued function, then uj transforms as a; H- a"^uja + a~^da. 

Now let L be the standard representation of Spin) ■ Spil) on H", l* its dual, 
and let Ad be the adjoint representation of SO{An) on its Lie algebra so(4ri). By 
restriction, the last representation induces one of Spin) • Spil) on (sp(n) + sp(l))^, 
which we denote by the same symbol. We then consider the representation t* ® Ad 
of Spin) ■ Spil) on H"* ® ispin) + sp(l))^, and construct the vector bundle 

S = V x,.^Ad (H"* ® ispin) + spil))^) = Q*®V XAd (sp(n) + sp(l))^. 

Let 0;°^*^ be the ispin) + sp(l))^-component of u. Then the above transformation 
law for Lo ensures that the local forms uj°^^ give a global section of £. According 
to the irreducible decomposition (I3.16p . the bundle £ ®£. splits and uj"""^ thereby 
decomposes, both globally. Therefore, u^®^ , the (8> -ff-component of 

^obs^ is also 

global. 

By the obsevation we just made, we obtain the following conclusion. 

Theorem 3.5. Let (M, 6 = {Ou}) be an ultra-pseudoconvex quaternionic pseudo- 
hermitian manifold of dimension > 7. Then the local canonical three-plane fields 
{iQ'^)u} o-nd the local canonical connections {Du} for local hyper pseudohermi- 
tian structures patch together to give a global admissible three-plane field and 
a global connection D, respectively. 
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Definition 3.6. Let (M, 0) be an ultra-pseudoconvex quaternionic pseudohermi- 
tian manifold of dimension > 7. We call and D of Theorem 13.51 the canonical 
three-plane field and the canonical connection, respectively, associated with 0. 

We now derive, for future use, the transformation law for the canonical triple 
under a conformal change of (hyper) pseudohermitian structure. 

Proposition 3.7. Let {M,6) be an ultra-pseudoconvex hyper pseudohermitian man- 
ifold of dimension > 7. Let 6' = e^^9, and {Ti,T2,T^) (resp. {T[,T2,T^)) the 
canonical triple corresponding to 9 (resp. 9'). Then we have 

T^ = e-2/(r, + 2W), 

where W G ^{Q) is uniquely determined by 

(3.27) h{W, X) = -{2n + 1)4/ (^), X G Q. 

Proof. We regard W as the unknown and verify that it must satisfy fl3.27p . Set 
a = dbf, g = Levis and g' = Levig/ = e^^ g. Let D (resp. D') be the canonical 
connection for 9 (resp. 9'). As in the proof of Theorem 13. 4^ we obtain for X G Q, 

^'lA^) = + a{X)g{ei,ej) + a{ej)g{X,ej) - a{ej)g{X,ei) 

3 3 

(3.28) + d^a{X, ei)g{IaW, cj) - dOa{X, ej)g{hW, a) 

a=l a=l 
3 

-J2d0a{ei,ej)g{IaW,X), 

a=l 

where ujj (resp. Ujj) are connection forms of D (resp. D'), {ei, ■ ■ ■ , e2„,} is a g- 
unitary frame as in (13.111) and the indices /, J range over 1,2,..., 2n, 1,2,..., 2n. 
It should be also noted that u'jj are computed with respect to the (^'-unitary frame 
{e~^ei}. Since the last three terms on the right-hand side appear in fl3.22p . we can 
use the computation in the proof of Theorem 13. 4[ Denoting the left-hand sides of 
()3.18p . (I3.19P by uj2i~i, UJ21, respectively, we obtain 

3r) — 3 

e^u', -u, = - {^(e- + (2n + l)«(e,)} 

2n 

for i = 1, ■ ■ ■ , 2n. Again, note that u'^ are computed with respect to {e~-^ej}. Since 
the left-hand sides of these identities vanish, we must have h{ei,W) = —{2n + 
l)a(ej) for 2 = 1, ■ ■ ■ , 2n. This completes the proof of Proposition 13. 7[ □ 

Remark 4. For the sphere S"^""*"^, we have h = (2n + l)Levi0. Therefore, fl3.27p 
gives W = —dbf^, which is consistent with the transformation law fl2.5p . 

We conclude this section with some comments on the curvature of the canonical 
connection. Let (M, 0) be an ultra-pseudoconvex quaternionic pseudohermitian 
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manifold of dimension > 7, and D the associated canonical connection. Let R 
and Ric denote the curvature and Ricci tensors of D, respectively. For X,Y G Q, 
we have Ric(X, Y) = J2t2i 9{R{^i^ Si), where {^i, . . . , e^n} is an orthonormal 
basis for Q with respect to the Levi form g = Levig. The pseudohermitian Ricci 
tensor r is the component of Ricjg (restriction to Q) which is symmetric and 
invariant under /, J, K. The pseudohermitian scalar curvature is s = trg(Ric|Q) = 

Let 6s and 6h be the standard pseudohermitian structures of the sphere S'^"+3 
and the quaternionic Heisenberg group "H^""*"^, respectively. Recall from §2 that 
they are related by 6s = e^^ a6Ha~^ for some real-valued function / and Sp{l)- 
valued function a. 

The curvature of 6h vanishes identically, and the curvature of 6s coincides with 
that of e^^6H- There are formulas computing the curvature of the pseudohermitian 
structure of the form e'^^6H, and by using them, we obtain tq^ = 2{n + 2)Levieg 
and = 8n(n + 2). 

In a future work, we shall study the curvature of quaternionic pseudohermitian 
manifold in detail. 

4. Proof of Lemma [3T2] 

Let u, and u^^^ be the forms as in the previous section. Recall that we 
regard them as being defined on Q. Then we have 

Lemma 4.1. The coefficients of u^®^ corresponding to a standard basis of E ® H 
are given by the left-hand sides of f l3.18p and f l3.19p in Lemma lSTB with I = 1, . . . ,n, 
and their complex conjugates. 

The rest of this section is devoted to the proof of Lemma 14. 1[ 
To prove Lemma 14.11 we start by making the correspondences (13.121) and (I3.13P 
more explicit. For (I3.12p . let / : H" — )■ H" be the complex structure given by 
the right multiplication of i"\ and set V = {X e W i^) C \ IX = V^X}, 
so that we have H" ^ C = V Q) V . Let (ei, . . . ,e4n) be the standard basis for 
M"- = M^", and define a complex basis for V by e2k-i = {^ik-i — V—^£4k-2)/V^, 
e2k = {£4k-i - V^e4,k)/V2 {k = l,...,n). Also, let (ei,...,e2n) and (fi,f2) 
respectively denote the standard basis for E = C^" and H = C^. Then the 
correspondence 

e2fc-i ^ e2A;_i®f2, e2k ^ 62^ ® f2, ^ -e2fc®fi, ^ e2fc_i ® fi 

{k = 1, . . . ,n) gives an isomorphism H" i^C = E ^ H. For (13.130 . we can find the 
elements of (sp(n) + sp{l))-^ ® C corresponding to generators of A^E (g) S^H, by 
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tracing the isomorphisms in fl3.14l) backwards: 



(e2fe_i A e2/_i) ® (fi ■ fi) ^ e2k A 621, 

(e2fc_i A e2i_i) ® (f2 ■ ^ e2k~i A ea^-i, 

(e2fc-i A e2z_i) (g) (fi ■ f2) ^ ^(e2fc-i A e^- 62/-! A ei^), 

(e2fc A e2i) ® (fi ■ fi) ^ A e^, 

(e2fc A 62;) ® (f2 ■ h) ^ e2k A 62;, 

(e2fc A e2z) ® (fi ■ f2) ^ ^(-e^fc^ A 62; + A e2fc), 

1 " 

(e2fc A e2z_i)o ® (fi ■ fi) ^ -e^^ A + -^z 62^-1 A e^, 

m=l 
1 " 

(e2fc A e2z_i)o » (f2 ■ f2) ^ 62^ A e2z_i + -Ski e2m-i A 62™, 

n — ' 



171=1 



(e2fc A e2i_i)o ® (fi ■ f2) ^ -(-e2fc-i A e2z-i - 62; A e2fc) 



1 " 

+ y^(e2m-i A e2m.-i + A 62™). 



m=l 



The isomorphism S^H Q) H = H S'^H embeds H into H ® S'^H by 
SH-.weH ^ fi ® (f2 ■ w) - f2 ® (fi ■ w) e ® ^^i/. 
Likewise, the isomorphism K ® Aj]E ® E = E ® AgE embeds into E ® AgE" by 

n 

SE-weE ^ [e2fe-i ® (e2fc A w)o - e2fc O (e2fc-i A w)o] G ^ ® AIE. 



k=l 



We are now ready to give 



Proof of Lemma 4-1 We shall identify the coefficient of u:^®^ corresponding to 
e2z_i (S>fi G E^H, to which corresponds the following element of (H" ®A^ H") ® C: 

" f ri 1 " 

^\e2k® -(-e^fc^ A e2z-i - ei7 A 62^) + — 4z y^(e2m-i A e2m-i + A 62™) 



fc=i 



m=l 



+e2fc-i ® -(e2fc-i A 62; - 62^-1 A 62^) - 62^-1 



+e2fc ® (e2fc A e2i) 



1 " 

-e^^ A + -4; 62^-1 A ei; 



m=l 
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Note that at each point q G M, we can express a; as 

2n 

CO = ^ uJij^(pi A (pj + ^ uJij^Tpl ATp] + ^ ujfj^ipi A 

l<i<j<2n i<i<j<'2n «,i=l 

where ((/Ji, . . . , 722^) is the dual of the unitary basis (ci, . . . , e2n) for (Qq)^'^ = V^. 
Then the coefficient of 00^'^^ corresponding to 621^1 fi is given by 

" fl 1 

^2APT,2«-1 - ^2l,2fc)(e2fc) + ^(w2F^,2fc-l + ^2k,2k)i'^) 

k=l ^ 

+ 2^^2k-l,Yl ~ ^2i-l,2fc)(^2fe-l) + W2F::T,27(^^2fc-i) - -^2F^,2fc(62«-l) 
+ '^2fc,2l(62fc)|, 

which is the complex conjugate of the left-hand side of f l3.19p . Likewise, computing 
the coefficients corresponding to the other basis elements oi E ^ H, we obtain the 
left-hand sides of f l3.18p . their complex conjugates and those of f l3.19p . □ 



5. Comparison to quaternionic contact structure 

As mentioned in the introduction, some quaternionic analogues of CR structures 
other than those in this paper have been studied by several authors (cf. P, [2], 

my 

In this section, we first review the definition of quaternionic contact structure, 
introduced by Biquard and the canonical connection, called the Biquard con- 
nection, associated with a choice of metric. We then compare the quaternionic CR 
structure to the quaternionic contact structure. We observe that while a quater- 
nionic contact structure can always be "extended" to a quaternionic CR structure, 
the quaternionic contact structure is more restrictive than the quaternionic CR 
structure. 



Definition 5.1. A quaternionic contact structure on a (4n+3)-dimensional manifold 
M is a corank three bundle Q equipped with a CSp{n) ■ 5*^(1 )-structure satisfying 
a compatibility condition. That is, we have a conformal class [7] of metrics on Q 
and a two-sphere bundle I over M of complex structures J: Q — t- Q, = — Id, 
and these satisfy the following conditions: 

(i) 7(/X, lY) = 7(X, Y) for all / G I and X,Y eQ. 

(ii) I locally admits sections la, a = 1,2,3, satisfying the quaternion relations 
/1/2 = -hh = h and I = {vJi + + ^^3-^3 I ^1^ + ^2^ + = !}• 
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(iii) Q is locally the kernel of an M'^-valued one-form r) = (?7i, ?72, ''73) satisfying 
the compatibility relations 

(5.1) 7(4X, Y) = dria{X, Y), a = 1, 2, 3, 
where X,Y e Q. 

Note that ( IS.ip is equivalent to 7(X, F) = dria{X, laY); in particular, (I5.ip 
implies the condition (i). Note also that if ( 15. ip holds, then for any other triple 
I2, I^) of complex structures as in the condition (ii), there exists an M^- valued 
one-form rj' = {ri[, rj!^, 773) so that the compatibility relations 7(/^X, Y) = d7]'^{X, Y) 
hold. Indeed, if = Ylp=i^aplp, where [sap) is an S'0(3)-valued function, then 
it suffices to choose rj'^ = X]p=i ^apVp- (Actually, this is a unique choice of 77^, as 
verified by argument similar to that in the proof of Proposition 15.31 below.) 

On a quaternionic contact manifold of dimension > 7 with a choice of metric 
7 on Q in the conformal class, Biquard constructed a canonical connection , 
called the Biquard connection (cf. ^ for the seven-dimensional case). He also 
gave a distinguished rank three subbundle Q"*" of TM complementary to Q. The 
connection and our canonical connection D on a quaternionic pseudohermitian 
manifold are similar but differ in some respects: first, preserves the Sp{n) ■ 
S'p(l)-structure of Q, while D does not in general, because of the generality of 
our structure; second, the torsion tensor Tor of D^, restricted to Q x Q-^, has 
no (^"""-component and is more sensitive to the GL{n,M) ■ 5'p(l)-structure of Q, 
because of the "quaternionic extension" used in the construction of . 

The bundle Q-^ can be explicitly described. Choose a local M^-valued one-form 
{Vi^V2,V3) in Definition 15. 1[ Then is locally generated by vector fields 
{Ra}a=i,2,3 characterized by 

(5.2) Va{Rb)=5ab, d7]a{Ra,X) = 0, X G Q, 

and they further satisfy 

drjbiRa, X) = -dr]a{Rb, X), X eQ. 

Let M be a quaternionic contact manifold, with the associated corank three 
subbundle Q of TM and two-sphere bundle I of complex structures of Q. Then 
there are quaternionic CR structures having {Q, I) as the underlying structure. 
To show this, fix a metric 7 on Q and choose an arbitrary rank three bundle 
Q-^ transverse to Q. First, we construct a local hyper CR structure. So choose 
(/i,/2,/3) locally and then choose a local M'^-valued one-form (?7i, ?72; ''73) so that 
(15.11) holds. Since //alg^ form a local coframe for Q^, there is a unique triple 
(Ti,T2,T3) of local sections of such that rjaiTf,) = 5ab- Then set Qa = Q ® 
IRTft © MTc, and extend la'- Q ^ Q to la'- Qa ^ Qa^J defining laT^ = Tc and 
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laTc = -Tb- Note that we have ker = Qa and ?7a o 4 = 77^, and {{Qa, /a)}a=i,2,3 
satisfies the conditions for an almost hyper CR structure. Moreover, it is integrable. 
Indeed, for X,Y E T{Q), we compute using (15.11) : 

= -7(4X,F)-7(X,J,F) 
= 0, 

Vb{Ia{[X, Y] - [laX, laY]) - {[X , I^Y] + [I^X , Y])) 
= -r],{[X, Y] - [laX, laY]) - r]b{[X, ^Y] + [hX, Y]) 
= dr),{X, Y) - dVcihX, laY) + dvbiX, IX) + d^biLX, Y) 
= 7(JeX, Y) - ^{IJaX, laY) + 7(/,X, hY) + ^{hhX, Y) 
= 0, 
and hkewise, 

r/,(4([X, Y] - [hX, hY]) - ([X, hY] + [/,X, Y])) = 0. 

In this way, for each local choice of {Ii,l2,h), we have the corresponding local 
hyper CR structure {{Qa, h)}- We now verify that two such local hyper CR struc- 
tures {{Qa,h)} and {{Q'a^I'a)} Satisfy the gluing condition (11.101) if they overlap. 
Suppose that = Ylip^aph as endomorphisms of Q, where (s^p) is an S'0(3)- 
valued function. Choose 77^ = Ylip^apVp and T[,T2,T^ be the corresponding local 
sections of Q"*"- We must show that 



(5.3) 



where the notation Ip is as in §1. Since the former relations are clear, it sufficces 
to verify the latter relations of (15.31) . Set = Yip Sapip- We compute 

-^a-^fe — ^ ] SgpShqlp'^qi 

and restricting the indices q to those which extends to a cyclic permutation 
(p, g, r) of (1, 2, 3), we further rewrite the right-hand side as 

^ ^ ('^gp'^bg ^aq^bp) h'^<l ^ ^ ^crTr T^. 

r 

Thus = which gives the latter relations of (15.31) . 

The above construction actually gives a quaternionic pseudohermitian struc- 
ture such that the associated Levi form is the metric 7, and therefore, we have 
the canonical three-plane field (Q"*")'. While (Q"*")' differs from in general. 
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(Q-*-)' = Q-^ holds when is Biquard's one, locally generated by the vector fields 
{-Ra}a=i,2,3 Satisfying the Reeb condition fl5.2p . We record this fact as the following 

Proposition 5.2. Let M he a quaternionic contact manifold of dimension > 7 with 
a choice of metric 7 on the corank three bundle Q. Let be the rank three bundle 
locally generated by the vector fields {Ra}a=i,2,3 satisfying (15.21) . and equip M with 
a quaternionic pseudohermitian structure in the way as above. Then Q-^ gives 
the canonical three-plane field associated with the quaternionic pseudohermitian 
structure. 

Proof. Let be the Biquard connection associated with the metric 7, and V the 
affine connection, given by Proposition 13. associated with the quaternionic pseu- 
dohermitian structure and the admissible three-plane field Q-^. When regarded as 
Q-partial connections, they coincide with each other, since they are characterized 
by the same condition (13.61) . We know that restricts to an Sp{n) ■ Sp{l)- 
connection on Q, and therefore V restricts to a Q-partial connection preserving 
the Sp{n) ■ Sp{l) strucutre of Q. So the obstruction 0;°'^'^ vanishes, and in par- 
ticular, w-^®^ = 0. This means that is the canonical three-plane field (and 
V is the canonical connection) associated with the quaternionic pseudohermitian 
structure. We are done. □ 

The following proposition generalizes |6l Proposition 2.1], which characterizes a 
quaternionic contact real hypersurface in a quaternionic manifold, to an arbitrary 
quaternionic CR manifold. It shows that the above mentioned coincidence of the 
Levi form with the metric 7 is actually the case for any quaternionic CR structure 
which has {Q,I) as the underlying structure. 

Proposition 5.3. Let M be a quaternionic contact manifold, with the associated 
corank three subbundle Q ofTM, two-sphere bundle I of complex structures of Q 
and conformal class [7] of metrics on Q. Then for any quaternionic CR structure 
on M having (Q,!) as the underlying structure, the conformal class consisting 
of all Levi forms coincides with [7]. Furthermore, if 9 = {61,62,03) is a local 
M.^-valued one-form compatible with a local hyper CR structure {{Qai Ia)}a=i,2,3 
(constituting the quaternionic CR structure), then Levig, {Ii, 12,13) and 6 satisfy 
the compatibility relations 

(5.4) Levi,(X, Y) = d6a{X, hY), a =1,2, 3, 

where X,Y & Q. In particular, the quaternionic CR structure under consideration 
must be ultra-pseudoconvex. 

Proof. Let [Ii, 12,13) be as in the statement of the proposition. The condition 
(iii) says that there exists a local M^- valued one-form rj = {r]i,f]2,V3) such that 
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the kernel of t] coincides with Q and fl5.ll] holds: '~f{IaX,Y) = drjaiXjY). First 
observe that 6a may be expressed as 6a = Ylp=i ^apVp^ where {sap) is a GL(3,M)- 
valued function. Then ioi X,Y E Q, 

d6a{X, Y) = Y, Sap dVp{X, Y) = Y, Sap lilpX, Y) = -f{J,X, Y), 
p p 

where we set Ja = J2p Sapip- We compute d6a{X, laY) in two ways: 

d6a{X,IaY) = ^{JaX,IaY) = -^{UaX^Y) 

and 

d6a{XJaY) = -d6a{IaX,Y) = -^{JahX.Y). 

This implies laJa = Jala as endomorphisms of Q, and therefore Ja is a multiple of 
la by a scalar- valued function: J a = Xa^a, 7^ 0. Now d6a{X, laY) = Aa7(X, Y), 
and so Levi6i(X, F) = Xa'y{X,Y). Therefore, Ai = A2 = A3, and denoting this 
function by A, we have d6a{X, hY) = Levie(X, Y) = X-f{X, Y). □ 

We now look at a real hypersurface M in a quaternionic manifold, and compare 
the quaternionic CR structure to the quaternionic contact structure in this case. 
As explained in §2, M has a canonical quaternionic CR structure, and therefore 
there exists a canonical corank three subbundle Q of TM, together with a canonical 
two-sphere bundle I of complex structures of Q as in (ii) of the above definition. In 
contrast, a real hypersurface in a quaternionic manifold does not admit in general 
a quaternionic contact structure which the canonical underlies. Ellipsoids as 

in §2 supply concrete examples; an ellipsoid in ]HI"+^ does not admit a quaternionic 
contact structure having the canonical (Q, I) as the underlying structure, unless the 
ellipsoid is a quaternionic one. This follows from Proposition 15.31 Indeed, for an 
ellipsoid which is not quaternionic, we observed in §2 that the complex Levi forms 
Levig^ = d6a{-, la-) do not coincide on Q for the standard choice of 6. In particular, 
(15. 4p cannot hold. Note that, since any ellipsoid in M^~^^ is diffeomorphic to the 
sphere S^"'~^^, it does admit a quaternionic contact structure by pulling back that of 
the sphere. However, the underlying structure {Q, I) is different from the canonical 
one of the ellipsoid. 

The hyper CR manifolds of Example H] and Example [5] give concrete examples 
of intrinsic quaternionic CR manifold which does not admit a quaternionic contact 
structure with the same underlying structure Indeed, for the pseudohermi- 

tian structure 6 of Example HJ (15. 4p holds if and only if 

Al + Bl = Cl + Dl = Al + Cl = Bl + Dl = Al + Dl = Bl + Cl = ^ 
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for all a. In other words, unless this last condition is satisfied, fl5.4p cannot hold. 
For Q of Example O fl3.20p shows that h and Levi^ are not proportional, and 
therefore (15. 4p cannot hold. 

6. Appendix. 

6.1. All ((5v7-^v) satisfy (11. 6p and (II. 7p . Let M be a hyper CR manifold, and 
fix a function v = (wi,f2;^3) with values in S'^ C M^. In this subsection, we will 
show that {Qv.Iv) satisfies the conditions (II. 6p and (II. 7p for all X, F G T{Q). 

Let 9 = {61,62,63) be an M^-valued one-form on M compatible with the hyper 
CR structure. Set 6^ := Vi6i + V262 + V363, so that Qv = ker 6'v. Fix an admissible 
triple (Ti,T2,T3) such that 6a{Ta) = 1. Recall from §1 that endomorphisms la 
of TM are defined by setting laX = laX for X G Qa and laTa = 0, and that 

= {vili + V2I2 + 'i'3-^3)|Qv- We will use the following relations: 

(6.1) 6, = 6aOh = -6toIa, 6aOla = 0, 

(6.2) I = 



lah on Qb, 

-hia on Qa- 



Proposition 6.1. For any S"^ -valued function v, {Q^,I^) satisfies 

(6.3) [X,Y]-[UX,I^Y]^T{Q^), 

(6.4) h{[X, Y] - [hX, I^Y]) - [X, hY] - [hX, Y]) G V{Q) 

for all X,Y e V{Q). 

Proof. We first prove ([HJD by verifying 6^{[X,I^Y] + \hX,Y]) = for X, F G 
r(Q). Plug (I1.7P into 6c, use (11.51) and replace Y by I^Y . We then obtain 

6b{[X, hY] + [hX, hY]) + 6c{[X, hY] - [hX, hY]) = 0. 
Rewriting this as 

6b{[X,hY] + [hIcX,hY]) = -6c{[X,hY] + [hhX,hY]) 
and using (11.61) . we conclude 

(6.5) 6b{[X, hY] + [hX, Y]) = -6c{[X, hY] + [hX, Y]), 
which also holds when b = c. Therefore, 

6^{[X, hY] + [hX, Y]) = J2 VbVc6i>{[X, hY] + [hX, Y]) = 0. 

b,c 

Note that the terms involving the devivatives of Vc disappear, since 6b vanishes on 
Q. This proves (16.31) . 
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Next we prove fl6.4p by showing that 

e,{U{[X, hY] + [JvX, Y]) + [X, Y] - [hX, UY]) = 
for each a. The left-hand side is computed as 

Y,^bVcea{h{[XJcY] + [IcX.Y]) - [hx,hY])+ea{[x,Y]) 

b,c 

= Yl ^bXihilX, hY] + [hX, Y]) + [X, Y] - [hX, hY]) 

b 

+ J2 ^a{h{[X, laY] + [laX, Y]) + /.([X, hY] + [JfeX, Y]) 

bj^a 

-[hX,hY]-[IaX,hY]) 

+VbVc ea{h{[X, hY] + [hX, Y]) + 1{[X, hY] + [hX, Y])) 
-[hX,hY]-[hX,hY]). 

Note that the sum over b, c in the left-hand side is divided into four parts: the 
sums over b = c, b^c = a, c^b = a, and b ^ c ^ a ^ b. The second and 
third sums are grouped into the second sum of the right-hand side, and the fourth 
sum into the last term, in which b, c are so that (a, b, c) is a cyclic permutation of 
(1,2,3). The first sum of the right-hand side vanishes by fll.7p : the last term by 
(16.11) . (11.61) . The second sum also vanishes, since 

eM[x, hY] + [hx, Y]) = e,{[x, hY] + [hx, y]) 

= -OailX, hY] + [JeX, Y]) = OaHhX, hY] + [JfcX, hY]) 

by (16. ip . (16. 5p and (11.61) . This completes the proof of Proposition 16.11 □ 

6.2. Levi form. In this subsection, by applying Proposition 16. 11 we prove Propoi- 
sition \1.7\ asserting that the Levi form on a quaternionic CR manifold is well- 
defined. 

Lemma 6.2. Let u, v be mutually orthogonal unit vectors in M.^ and X,Y E Q. 
Then dO^ilvX, Iy,Y) is independent of the choice of \ orthogonal to u. 

Proof. Let v' be another unit vector orthogonal to u. Then v' can be expressed 
as v' = Av + /iu X V with + yU^ = 1, and we have 

de^{h'X,hY) = x^de^{hx,hY) + fi^de^{i^hx,iuUY) 

+Xfi[deM.X, U^Y) + dOMuUX, UY)]. 

Since dO^, restricted to Q, is Ju-invariant, the right-hand side is equal to dO^^hX, hY). 

□ 
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Proof of Proposition |i. 7[ Let 9u = {9a) and 9u' = {9'^)- Then 9'^ = J2p=i^ap9p 
for an 5'0(3)-valued function (sap)- We must show that 

d9[{X, I[Y) + d9[{I'^X, I'^Y) = d9i{X, hY) + d9i{l2X, hY) 

for all X,Y ^ Q. Since d9[ = Y^p=iisipd9p + dsip A 9p) and 9p^s vanish on Q, we 
may assume that Sap's are constants. Therefore, it suffices to verify that 

(6.6) d9^{X, I^Y) + d9^{hX, I^^^Y) = d9,{X, hY) + d9,ihX, hY) 

for all X, y G Q, where u, v are any mutually orthogonal unit vectors in M^. 

Note that by Lemma 16. 2[ the left-hand side of (16.61) is independent of v (or- 
thogonal to u). It is easy to verify that one can choose v orthogonal to u, and v' 
orthogonal to u' = u x v, so that u' x v' = ei = *(1, 0, 0). 

Using (16. 4p and 9^ o h = ^uxv (cf. (16. ip ). we can rewrite the left-hand side of 
fra as 

d9^{X, hY) - d9M^X, hihY)) = -rf^uxv(X, hihY)) - d9^^^{hX, hY) 

(6.7) = d9^,{X, h'Y) - d9^ihX, hih'Y)) 

= d9^,{X, h'Y) - d9^,{h'X, h'ih'Y)). 

For the last equality, we have used Lemma again to replace v by v'. Computing 
similarly as in (16. 7p while noting that v' and e2 = *(0, 1, 0) are both orthogonal to 
ei, we can verify that the last expression is equal to the right-hand side of (16.61) . 

□ 
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